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ABSTRACT 
We give the complete solutions to the diophantine equation X+ Y+ Z = W in coprime positive 
integers X, Y, Z, W such that each of the numbers X, II Z, W has prime factors 2 and 3 only. The 
solution with the largest value of W is 2333 + 29 + l = 36. The method works for any pair of primes 
(p, q) in place of (2, 3). 
I. INTRODUCTION 
In 1983, Paul  Vo j ta  [6] proved the fol lowing result: 
THEOREM (Vojta). Let S be a finite set of  places of  ;y containing at most 3 
elements. Fix integers" a, b, c, d. Then there are only finitely many solutions to 
the equation 
(1) ax+by+cz+d=O 
in S-units x, y, z; and these solutions can be effectively bounded in terms of  
a,b,c,d and S. 
In part icular ,  Vo j ta  gives an effective procedure for obtaining the solutions, 
a l though he does not actual ly carry out this procedure.  The crucial po int  for 
the method is that  for the four terms equat ion (1) the set S has at most  three 
elements. Wi thout  loss of  general ity we may assume that S contains the infinite 
place, hence at most  two finite places, corresponding to pr ime numbers p, q, 
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say. For three terms equations there is an effective method without any re- 
striction on the number of elements of S, cf. [1], [2] or [7]. There exists also 
a method for four and higher terms equations without such a restriction, cf. 
[3] or [5], but this method is ineffective. 
If in (1) a = b = c = d= 1, not all of X, Y, Z, W have the same sign. Taking 
negative terms to the other side and making the equation homogeneous, we find 
either an equation of the form 
(2) X+ Y=Z+ W 
or an equation of the form 
(3) X+ Y+ Z= W 
in coprime positive integers X, Y, Z, W each composed of primes p, q. Tijdeman 
and Wang [4] showed how to determine all solutions to (2) in practice by doing 
so in the special case p = 2, q = 3. Here we shall complete the study for primes 
2, 3 by treating equation (3). The essential tool is Lemma 3 proved by a theorem 
on linear forms in logarithms. The method can be applied for any pair of 
primes in place of (2, 3). 
If  X, Y, Z, W in (3) are coprime integers composed of primes 2, 3 then at most 
two among them are divisible by 2 and at most two among them are divisible 
by 3. Hence it suffices to solve the equations 2 x + 2 y + 3 z = 3 w,3 x + 3 y + 2 z = 2 w,
2x3Y+2Z+ 1 =3 w, 2x3Y+3z+ 1 =2 w and 2x+3Y+l  =2z3 w in non-negative 
integers x, y, z, w. 
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II. RESULTS 
THEOREM 1. The equation 
(4) 2x+2Y+3z=3 w
has exactly seven non-trivial solutions (x, y, z, w)ff~ 4 with x<..~ y ". (0,0,0, 1), 
(1,2,1,2), (1,4,2,3), (2,2,0,2), (3,4,1,3), (3,6,2,4), (4,6,0,4). 
THEOREM 2. The equation 
(5) 3x + 3Y + 2z= 2 w 
has exactly seven non-trivial solutions (x, y, z, w)~Z a with x < y : (0,0, 1,2), 
(0,1,2,3), (0,3,2,5), (1,1,1,3), (1,2,2,4), (1,3,1,5), (2,5,2,8). 
THEOREM 3. The equation 
(6) 2x3Y+2z+ 1=3 w 
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has exactly eleven non-trivial solutions (x, y, z, w) ~ Z4: (0, 0, 0, 1), (1, 1, t, 2), 
(1,2,3,3), (2,0,2,2), (3,1,1,3), (3,2,3,4), (3,3,9,6), (4,0,6,4), (4,1,5,4), 
(6,0,4,4), ( -1 ,1 , -1 ,1 ) .  
THEOREM 4. The equation 
(7) 2x3Y+3Z+ 1=2 w 
has exactly twelve non-trivial solutions (x, y, z, w) ~ Z4: (1,0, 0, 2), (1, 1,0, 3), 
(1,1,2,4), (1,3,2,6), (2,0,1,3), (2,0,3,5), (2,1,1,4), (2,1,5,8), (2,2,3,6), 
(1 ,  - 1, - 1, 1), (3 ,  - 1, - 1 ,2 ) ,  (3 ,  -2 ,  -2 ,  1). 
THEOREM 5. The equation 
(8) 2x+ 3s+ 1 =223 w 
has exactly sixteen non-trivial solutions (x, y, z, w) ~ g4: (0, 0, 0, I), (I, 0, 2, 0), 
(1,1,1,1), (1,2,2,1), (2,0,1,1), (2,1,3,0), (2,3,5,0), (3,1,2,1), (3,2,1,2), 
(3,3,2,2), (4,0,1,2), (5,1,2,2), ( -1 ,1 , -1 ,2 ) ,  ( -2 ,0 , -2 ,2 ) ,  ( -3 ,2 , -3 ,4 ) ,  
(2 ,  - 1 ,4 ,  - 1). 
III. LEMMAS 
Denote by N o the non-negative integers. 
LEMMA 1. (a) I ra>2,  2a}3b-1, then 2a-z<__b. (b) Ifb>__l, 3b12a-1, then 
2.3b- l<a .  
PROOF. This is clear. 
LEMMA 2. (a) I f  2al3b + l, then a<_2. (b) / f3bl2a+ 1, then a>_3 b-1. 
PROOF. (a) The assertion is true for b=0 and b=l ,  and 3b+2=--3 b (rood 8). 
(b) If 3b12a+ 1, then 22a- 1 =(2a+ 1) (2 a -  1 ) -0  (mod 30). Since 2 is a primi- 
tive root of 3 b for any be  N, ~0(3b)12a where (o(x) is the Euler's function. 
Hence 3b-lla. 
LEMMA 3. I f  X, y ~ N 0 with max (x, y) > 27, then 
12 x -  3Yl > max (25x/6, 35y/6). 
PROOF. It follows from Theorem 4.3 (a) of de Weger [71 that the only solu- 
tion to 
12 x -  3Yl <rain (2 x, 3Y) 9/m with rain (2 x 3Y)> 1015 
is given by x= 84, y = 53. 
Suppose min (2 x, 3Y)> 1015 and 
(9) O<2X- 3Y <_25x/6. 
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Then we derive from the inequality 
2x-225x/27>25x/6 valid for x_>9 
that 
whence 
225x/27 < 3 y, hence 25x/6 < 39y/1°, 
12 x -  3 y ] < 39y/1°. 
Since (x, y )= (84, 53) does not satisfy (9), de Weger's result implies that there 
are no solutions. By an easy calculation we obtain the solutions to (9) with 
rain (2 x, 3Y)_ < 1015. The proof  for the case 
O<3Y_2X<_35y/6 
runs similarly, starting with the inequality 
3 y - 325y/27 > 35y/6 valid for y___ 6. [] 
IV. PROOFS OF THEOREMS 
PROOF OF THEOREM 1. From (4) we have w:g0 and xy>_O, zw>O. I f  x<0,  
then x =y  and we obtain 
2.2-1xl+3z=3 w 
which is impossible. I f  z< 0, then z = w which yields a contradiction. Therefore 
we may consider the solutions (x, y, z, w) in N04 only. It is obvious that 0_<z< w 
and x<_y. Then from (4) we have 
2x]3 w-z -  1 and 3zl2y-x + 1. 
By Lemma 1 (a) and Lemma 2 (b) we see that 
2x- 2_. < w - z< w and y>y -x>_ 3 z- 1 
respectively, hence 
2x<_4w and 3Z<3y. 
By (4) we have 2Y<3 w which implies y< 1.59 w. 
I f  w>27,  then according to Lemma 3 we have 
35w/6< [3w-2e I =2x+ 3Z_4w+ 3y_< 8.77 w 
which implies w < 4, a contradiction. I f 1 _< w_< 27, then 0 _< x_< 6, 0 < y < 42 and 
0_< z < 4. In these ranges we find the solutions (x, y, z, w) = (0, 0, 0, 1), (1,2, 1,2), 
(1,4,2,3), (2,2,0,2), (3,4,1,3), (3,6,2,4), (4,6,0,4). [] 
PROOF OF THEOREM 2. A similar reason makes us consider only the solu- 
tions (x,y, z, w)~ N 4 to (5). From (5) we see that O<z<w and x<_y. Then we 
have 
3xl2 w-z -  1 and 2zl3Y-x+ 1. 
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By means of Lemma 1 (b) and Lemma 2 (a) we obtain 
2.3x- l<_w-z<w and z<_2. 
Hence 3x< 1.5 w. 
If w> 27, by Lemma 3 we have 
2Sw/6<12w-3Yl=3x+2z<l.5 w+4<2w 
which implies w<4,  a contradiction. If 1_w_<27, then 0_<x_3, 0<_z_<2, 
0_<y<_17. In these ranges we find the solutions (x, y, z, w) =(O, O, 1,2), 
(0,1,2,3), (0,3,2,5), (1,1,1,3), (1,2,2,4), (1,3, 1,5), (2,5,2,8). 
PROOF OF THEOREM 3. (a) First, we find all solutions in N 4. Clearly, from (6) 
we have w>__ I, y < w and 
2 rain (x'z)13w- 1 and 3Y12Z+ 1. 
By Lemma 1 (a) and Lemma 2 (b) we obtain 
2rain (x, z)-2__< w and z_> 3 y- 1, 
respectively. 
Suppose z<_x, then 2z<_4w. If w -y>27,  then according to Lemma 3 we 
have 
35w/6<3Y35(w-y)/6< 13Y(3w-Y--2x)l = z+ 1 _5W. 
Therefore w< 3 which yields a contradiction. If w-y_< 27, then 
w__<27+y<28+log z<__30+log log w, 
hence w_<31. Then we have 0_z_6 ,  0<__y___2, 0_x_<49. In these ranges we 
find the solutions (x,y,z,w)=(O,O,O, 1), (1,1,1,2), (1,2,3,3), (2,0,2,2), 
(3,1,1,3), (3,2,3,4), (4,0,6,4), (4, 1,5,4), (6,0,4,4). 
If z>x, then we have 2X<4w. We also have y<log  z+ 1 <log w+ 1.47 since 
z< 1.59 w by (6). If w>27, by means of Lemma 3 we have 
35w/6< ]3w-2 z] =2x3Y+ 1 <2"4W'3 l°g w+1"47_<41 W 3 l°g w 
Hence w< I0 which is a contradiction. If I _<w<__27, then 0_<y_<4, 0_<x___6, 
0 ___ z--- 42. In these ranges we find one additional solution (x, y, z, w) = (3, 3, 9, 6). 
(b) Without loss of generality, we may assume x<0 and z<0.  Then x=z, 
and therefore we have 
2 ixL +3Y+ l = 21xL3 w. 
It follows from Theorem 5 that (x,y, z, w)=( -1 ,  1 , -  1, 1) is the only new 
solution in Z 4 to (6). E3 
PROOF OF THEOREM 4. (a) First, we find all solutions in N 4. Clearly, from (7) 
we see that x < w and 
3 rain Ce'z)12w- 1 and 2x13z+ 1. 
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By Lemma 1 (b) and Lemma 2 (a), we have 
2.3rain (y,z)-I ~ w and x<2,  
respectively. 
Suppose z<_y. Then 32< 1.5 w. 
I f  w-x>27,  then by Lemma 3, we have 
25w/6<2x25(w-x~/6< 12x(2w-x-3y)l =32+ 1 < 1.5 w+ 1 <2.5  w. 
Hence w<5 which is a contradiction. I f  w-x<27,  then 1_<w_<29, 0_<z_<3, 
0__<y_<_18. In these ranges we find the solutions (x,y,z,w)=(1,O,O, 2), 
(1,1,0,3), (1, 1,2,4), (1,3,2,6), (2,0, 1,3), (2,0,3,5), (2,1, 1,4), (2,2,3,6). 
I f  y<z ,  then 3Y<1.5 w. I f  w>27,  then by Lemma 3 we have 
25w/6< 12 ~-  3zl = 2x3 y + 1 < 12 w. 
Hence w<5 which is a contradiction. I f  w-x<27,  then 1 < w_<29, 0<z<3,  
0_<y_<lS. In these ranges we find the solutions (x,y,z,w)=(l,O,O,2),  
(b) We may consider only the case y < 0 and z < 0. Hence y = z, and therefore 
we get 
2 x + 3 lyl + 1 = 2w3 lyr. 
In virtue of  Theorem 5, (x, y, z, w) = (1, - 1, - 1, 1), (3, - 1, - 1,2), (3, - 2, - 2, 1) 
are the only solutions to (7) in case (b). [] 
PROOF OF THEOREM 5. (a) First, we find all solutions in N 4 . F rom (7) we 
obtain 
2 rain (x'z)[3Y+ 1 and 3 min (Y'w)12x+ 1. 
According to Lemma 2 (a) and (b) we see that 
rain (x, z)_<2 and x~3 rain (y,w)-l, 
respectively. Hence 3 min (Y'W)~3X. We consider four cases. 
CASE 1. Z<X and w<__y. In this case we have z_<2 and 3W<3x. It follows 
f rom (8) that 0 < x<_ 6, 0 <_ w___ 2, 0_<y < 3. In these ranges we find the solutions 
(x, y, z, w) = (O, O, O, 1), (1,0,2,0), (1,1,1,1), (1,2,2,1), (2,0,1, I), (3,1,2,1), 
(3,2, 1,2), (3,3,2,2), (4,0, 1,2), (5,1,2,2). 
CASE 2. Z<X and y< w. In this case we have z~2 and 3Y<_3x. I f  x - z>27,  
then from (8) and Lemma 3, we see that 
25x/6<2z25(x-z)/6< t22(2 x -z -  3w)[ = 3Y+ 1 <4X. 
hence x<6 which is a contradiction. I f  x-z<_27, then 0<x_<29, 0_<y_4 ,  
0_< w_< 18. In these ranges we do not find new solutions to (8). 
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CASE 3. X< Z and w_<y. In this case we have x_< 2 and 3 w_< 3x, and there fore  
w_  1. I f  z>27,  then by Lemma 3, we obta in  
25z/6 < 13w(2 z -  3Y- w)t =2x+ 1 <_ 5. 
Thus  z<3 which  is a cont rad ic t ion .  I f  z_<27, then 0<__y___ 18 (not ing that  x_<2 
and w___l). In  these ranges we f ind new solut ions (x ,y ,z ,w)=(2 ,1 ,3 ,0 ) ,  
(2, 3, 5, 0). 
CASE 4. X<Z and y<w.  In  this case we have x_<2 and 3Y_<3x, and hence 
y_< 1. F rom (8) we obta in  z--- 3 and w <_ 1. In  these ranges we do not  f ind new 
solut ions.  
(b) Assume z<0.  Hence  x=z<0 and y>0,  w>0.  Thus we have 
21xk3y + 2 Ixl + 1 = 3 w. 
By Theorem 3 we obta in  the so lut ions (x, y, z, w) = ( - 1, 1, - 1,2), ( - 2, 0, - 2, 2), 
( -3 ,2 ,  -3 ,4 )  to (8). 
Assume w<0.  Then  w=y<0 and z>0,  x>0.  Then  we have 
2x3 lyf + 3 lyl + 1 ---- 2 z. 
In  v i r tue o f  Theorem 4 we obta in  the so lut ion (x, y, z, w) = (2, - 1,4, - 1) to (8). 
[] 
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